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Field equation First fall degree
$2\vec{F}[\vec{X_{1}}, .., \vec{X_{d}}]$
$\in \mathbb{F}_{p^{n}}[\vec{X_{1}}, ..,\vec{X_{d}}]$ Weil descent ( 3 )
$\{[\vec{F}]_{k}^{\downarrow}|k=1, .., n\}\cup S_{fe}$ $\deg[\vec{F}]_{k}^{\downarrow}$
$\vec{m_{0}}\in \mathbb{F}_{p^{n}}[\vec{X_{1}}, .., \vec{X_{d}}]$





$n\}\cup S_{fe}$ First fall degree
First fall degree Heuristics
Semaev
$10<c<1$ $c$ $o(exp(n^{c}))$ subexponential
2 $Q$ $c$
3
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First fall degree subexponential
2
$\vec{X_{1}},.$ . $\mathbb{F}_{p^{n}}$





$P_{0}\in E\underline{(}\mathbb{F}_{f^{n}}$ ) $d$
$arrow$ Semaev [10]
$\vec{Sem_{P_{0}}}(X_{1}, \ldots, X_{d})\in \mathbb{F}_{p^{n}}[\vec{X_{1}}, \ldots,\vec{X_{d}}]$ 1) 2)
:
1 $)$ $P_{1},$ $..,$ $P_{d}\in E(\overline{\mathbb{F}}_{p})$ $P_{0}+P_{1}+\ldots,$ $+P_{d}=0$
$\vec{Sem}_{P_{0}}(x(P_{1}), \ldots, x(P_{d}))=0$
$arrow$
2 $)$ $\deg Sem_{P_{0}}<2^{d}$
$d\sim n^{1/3},$ $n’\sim n^{2/3}$ $n’,$ $d$ $\mathbb{F}_{p^{n}}$ $\mathbb{F}_{p}$
$\{w_{1}, \ldots, w_{n}\}$ fix $V:= \{\sum_{i=1}^{n’}$ xiwi $|x_{i}\in \mathbb{F}_{p}\}$
$\mathbb{F}_{p^{n}}$ $n’$ $DF:=\{P\in E(\mathbb{F}_{p^{n}})|x(P)\in V\}$




First fall degree $O(n^{2/3})$ First fall degree
$O(exp(n^{2/3+o(1)}))$






$\{X_{ij}|1\leq i\leq d, 1\leq i\leq n’\}$
$S_{fe}:=\{X_{ij}^{p}-X_{ij}|1\leq i\leq d, 1\leq j\leq n’\}$
Field equations
$wd(\vec{F}):=\vec{F}|_{\vec{X_{i}}=\Sigma_{j=1}^{n’}X_{ij}w_{j}}mod S_{fe}\in \mathbb{F}_{p^{n}}[\{X_{ij}\}]$
( $i\in[1,2, \ldots, , d]$ $\vec{X_{i}}$ $\sum_{j=i}^{n’}X_{ij}w_{j}$ $mod S_{fe}$
) $[\vec{F}]_{k}^{\downarrow}\in \mathbb{F}_{p}[\{X_{ij}\}]$ $wd( \vec{F})=\sum_{k=1}^{n}[\vec{F}]_{k}^{\downarrow}w_{k}$
Field equations $\deg_{X_{ij}}wd(\vec{Sem}_{P_{0}})\leq p-1,$ $\deg_{X_{ij}}[\vec{Sem}_{P_{0}}]_{k}^{\downarrow}\leq$
$p-1$
1. $\alpha$ $\alpha^{7}+\alpha+1=0$ $\in F_{2^{7}}$ $\mathbb{F}_{2^{7}}/\mathbb{F}_{2}$




( $\vec{X}$ $X_{1},$ $X_{2}\in \mathbb{F}_{2}$ $\vec{X}=X_{1}+X_{2}\alpha$
$)$
$wd(\vec{X}^{2}):=(X_{1}+X_{2}\alpha)^{2}mod S_{fe}=X_{1}+X_{2}\alpha^{2},$ $[\vec{X}^{2}]_{1}^{\downarrow}=X_{1},$ $[\vec{X}^{2}]_{3}^{\downarrow}=X_{2}.$






$[\vec{X}^{9}]_{1}^{\downarrow}=X_{1},$ $[\vec{X}^{9}]_{2}^{\downarrow}=X_{1}X_{2}+X_{1}X_{2},$ $[\vec{X}^{9}]_{3}^{\downarrow}=X_{1}X_{2}+X_{2},$ $[\vec{X}^{9}]_{4}^{\downarrow}=X_{2},$ $[\vec{X}^{9}]_{5}^{\downarrow}=$
$[X9]_{6}^{\downarrow}=0.$
Weil descent
2. $d=3$ 3 $\triangleright$ $\ovalbox{\tt\small REJECT}$ $arrow F:=\alpha\vec{X_{1^{9}}}+\vec{X_{2}}^{4}+\vec{X_{3}}^{3}+\alpha+1\in$
$\mathbb{F}_{2^{7}}[\vec{X_{1}},\vec{X_{2}},\vec{X_{3}}]$ $arrow F$ $(Xarrow 1, \vec{X_{2}},\vec{X_{3}})=0$ $\vec{X_{1}},\vec{X_{2}},\vec{X_{3}}\in B$ .
$wd(\vec{F})$ $wd(\vec{F})=(X_{31}+X_{21}+1)+(X_{11}+X_{31}X_{32}+1)\alpha+X_{31}X_{32}\alpha^{2}+X_{32}\alpha^{3}+$
$(X_{12}+X_{22})\alpha^{4}$ $X_{ij}$
$X_{31}+X_{21}+1=0,$ $X_{11}+X_{31}X_{32}+1=0,$ $X_{31}X_{32}=0,$ $X_{32}=0,$ $X_{12}+X_{22}=0.$
$X_{11}=0,$ $X_{32}=0,$ $X_{12}=X_{22}=a\in \mathbb{F}_{2},$ $X_{21}=X_{31}=b\in \mathbb{F}_{2},$
$(\vec{X_{1}},\vec{X_{2}},\vec{X_{3}})=$
$(1,0,1),$ $(1,1,0),$ $(1+\alpha, \alpha, 1),$ $(1+\alpha, 1+\alpha, 0)$










11) $D_{heu}\sim(p-1)d\lfloor\log_{p}\deg(F)\rfloor$ $\deg([\vec{F}]_{k}^{\downarrow})=D_{heu}$ , $\deg(\vec{X_{1}}\cdot$
$[\vec{F}]_{k}^{\downarrow})\leq D_{heu}(k\in[1,2, \ldots, n])$




1 (First fall degree) $D_{ff}$ $fi,$ $\ldots$ , fi
First fall degree
$g_{1},$ $\ldots,g_{l}\in \mathbb{F}_{p}[\{X_{ij}\}]$ 4
1$)$ $\max_{1\leq i\leq l}\deg(g_{i}f_{i})=D_{ff},$
2$)$ $\max_{1\leq i\leq l}\deg(f_{i})\leq D_{ff},$
3$)$ $\deg(\sum_{i=1}^{l}g_{i}f_{i})<D_{ff},$
$4) \sum_{i=1}^{\iota}g_{i}f_{i}\neq 0.$





$2<f_{1},$ $\ldots$ , fi $>$ First fall degree
$O(N^{(D_{ff}+O(1))\cross C})$
$N=n’d\ovalbox{\tt\small REJECT}$ ( ) $C$
4 Faugere $p>2$
106
6 Weil decent First fall degree
$\vec{F_{0}}\in \mathbb{F}_{p^{n}}[\vec{X_{1}}, \ldots,\vec{X_{d}}]$














$= \sum_{k}(\sum_{i}[w_{i}\vec{m_{1}}]_{k}^{\downarrow}[\vec{F_{0}}]_{i}^{\downarrow})w_{k}$ ( )
heuristical 1
3 $\deg[w_{i}\vec{X_{1}}]_{1}^{\downarrow}=\ldots=\deg[w_{i}\vec{X_{1}}]_{n}^{\downarrow}=1$ $(p-1)d\lfloor\log_{p}\deg(\vec{F})\rfloor\sim D_{heu}:=$
$\deg[\vec{F}]_{1}^{\downarrow}=\ldots=\deg[\vec{F}]_{n}^{\downarrow}\geq\deg[\vec{X_{1}}\cdot\vec{F}]_{k}^{\downarrow}$
$\equiv mod S_{fe}$ $=$ $\{[\vec{F}]^{\downarrow}|1<$
$\iota$
$i\leq n\}$ First fall degree $D_{heu}+1(=1+\deg[\vec{F}]_{1}^{\downarrow})$
fall
7 Field Equations
4. $X,$ $Y,$ $Z$ $\mathbb{F}_{2}$ Field quation $S_{fe}=\{X^{2}+$
$X,$ $Y^{2}+Y,$ $Z^{2}+Z\}$
$F=(X^{2}+X)(Y^{2}+Y)+(X^{2}+X)^{-}(Y^{2}+Z)\in \mathbb{F}_{2}[X, Y, Z]$








$G_{N}\in \mathbb{F}_{p}[X_{1}, .., X_{N}]$ $F;= \sum_{i=1}^{N}G_{i}.$
$(X_{i}^{p}-X_{i}),$ $D:=\deg F$ $G_{1}’,$ $\ldots,$ $G_{N}’\in \mathbb{F}_{p}[X_{1}, .., X_{N}]$
$F:= \sum_{i=1}^{N}G_{i}’\cdot(X_{i}^{p}-X_{i})$ $\deg G_{i}’\leq D-p(i=1, \ldots, N)$
11 $F:=-[ \vec{X_{1}}\cdot\vec{F}]_{k}^{\downarrow}+\sum_{i=1}^{n}[w_{i}\vec{X_{1}}]_{i}^{\downarrow}[\vec{F}]_{i}^{\downarrow}(\equiv 0mod S_{fe})$
$\deg F$ 3 $D_{heu}+1\sim(p-1)d\lfloor\log_{p}\deg(\vec{F})\rfloor+$
$1$ $F= \sum_{ij}G_{ij}(X_{ij}^{p}-X_{ij})$ $G_{ij}\in \mathbb{F}_{p}[\{X_{ij}]$
$\deg G_{ij}\leq(p-1)d\lfloor\log_{p}\deg(\vec{F})\rfloor+1-p$
:
1 3 $\{[\vec{F}]_{i}^{\downarrow}|1\leq i\leq n\}\cup S_{fe}$ First fall degree $\leq(p-$
$1)d\lfloor\log_{p}\deg(\vec{F})\rfloor+1$
\S 3 :
1 Semave ( ) 3 First fall
degree $E/\mathbb{F}_{p^{n}}$ ($p$ )
$O(exp(n^{2/3+o(1)}))$
8 First fall degree
7 $\deg\vec{F}\ll p^{n’-1}$ $\nearrow\grave{}\grave{}\grave{}$ /$\triangleright$ $\ovalbox{\tt\small REJECT}$ $\not\in$x Weil
descent $\deg(wd(\vec{F}))$ $\deg([\vec{F}]_{i}^{\downarrow})(i=1, \ldots, n)$
$\vec{m_{0}}$ $\deg_{\vec{x_{:}}}(\vec{m_{0}}\vec{F})=p^{\alpha}-1$ Weil descent
$\deg(wd(\vec{m_{0}}\vec{F}))$ $\deg([\vec{m_{0}}\vec{F}]_{i}^{\downarrow})(i=1, \ldots, n)$
2 $e= \sum_{k=0}^{\lfloor\log_{p}e\rfloor}e_{k}p^{k}(0\leq e_{k}\leq p-1)$ $\leq p^{n’-1}$
$wt(e)$ $:= \sum_{k=0}^{\lfloor\log_{p}e\rfloor}e_{k}$ $\langle.$
$\vec{X}$ $e(\leq p^{n’-1})$ $wt(\vec{X}^{e}):=wt(e)$














$\sum_{k=0}^{\lfloor e\rfloor}e_{l,kP^{k}}\log_{p}l(0\leq e_{l,k}\leq p-1)$
$(\begin{array}{l}Y_{1}\vdots Y_{n}\end{array}):=M(\begin{array}{l}X_{l,1}\vdots X_{l,n}\end{array})$
$\vec{X_{l}}=\sum_{j=1}^{n’}X_{l,j}w_{j}$ $\vec{X\iota}^{p^{i-1}}\equiv\sum_{j=1}^{n’}X_{l,j}w_{j}^{p^{i-1}}mod S_{f}$ $=Y_{i}$ $wd(\vec{X_{l^{e_{l}}}})\equiv$
$\prod_{i=0}^{\lfloor\log_{p}e_{l}\rfloor}Y_{i+1}^{e\iota,i}mod S_{f}$ ( $e_{l}\leq p^{n’-1}$ $\log_{p}e_{l}\leq n’-1$
) $\deg_{Y_{1},\ldots,Y_{n’}}wd(\vec{X_{l}}^{e_{l}})=wt(e_{l})$
$M$ $\deg wd(\vec{X_{l^{e_{l}}}})=\deg_{X_{l,1},\ldots,X_{l,n’}}wd(\vec{X_{l}}^{e_{l}})=wt(e_{l})$







$\deg[c\vec{m}]_{j}^{\downarrow}=wt(\vec{m})$ $i=1,$ $\ldots,$ $n$
$c0^{\cdot}m(c_{0}\in \mathbb{F}_{p^{n}}^{\cross}, m\in Mon(\{X_{i,j}\}))$ wd( ) $\deg$ wd( )
( 1 ) $c:=c_{0}^{-1} \cdot\sum_{i-1}^{n}w_{i}$
( ).
7 $\alpha$ $wt(p^{\alpha}-1)=(p-1)\alpha$ $x<2p^{\alpha}-p^{\alpha-1}-2$
$x=p^{\alpha}-1$ $x$ $wt(x)<(p-1)\alpha$
$\vec{F}\in \mathbb{F}_{p^{n}}[\vec{X_{1}}, \ldots,\vec{X_{d}}]$ $\deg\vec{F}\ll p^{n’-1}$ $\vec{F}$
( ) $(\deg\vec{M}_{\max}>\deg\vec{M}$ for any $M\in$





$\tau\in \mathbb{F}_{p^{n}}\backslash \{\sum_{i=1}^{n’}x_{i}w_{i}|x_{i}\in \mathbb{F}_{p}\}$ , 0
m
$arrow$
0, $\sqrt\backslash R$ $7ffi^{-}\mathfrak{Y}fi^{i}\Phi\emptyset\grave{\grave{1}}\Re$ $\backslash 1$$;:= \prod_{i-1}^{d}(\vec{X}-\tau)^{p^{\alpha}1-E_{i}}\in \mathbb{F}_{p^{n}}[\vec{X_{1}}, \ldots,\vec{X_{d}}].$ $\mathbb{F}_{p}\}$
8
$\{[\vec{F}]_{i}^{\downarrow}=0|1\leq i\leq n\}\cup\{f=0|f\in S_{fe}\}$
$\{[\vec{m_{0}}\vec{F}]_{i}^{\downarrow}=0|1\leq i\leq n\}\cup\{f=0|f\in S_{fe}\}$




$p^{\alpha}-1+\deg\vec{F}\leq 2p^{\alpha}-p^{\alpha-1}-1$ 7 $wt(e_{i}+e_{i}’)\leq(p-1)\alpha$
$wt(\vec{m}\vec{M})\leq(p-1)d\alpha$ $wt(\vec{m}\vec{M})=(p-1)d\alpha$
$e_{i}+e_{i}’=p^{\alpha}-1$ $i\in[1, \ldots, d]$
$\sum_{i=1}^{d}e_{i}\leq\deg\vec{F}=\sum_{i=1}^{d}E_{i}=D$ $\sum_{i=1}^{d}e_{i}’\leq\sum_{i=1}^{d}p^{\alpha}-1-E_{i}=$
$d(p^{\alpha}-1)-D$ $e_{i}’=p^{\alpha}-1-E_{i}$ $e_{i}=E_{i}(i\in[1, \ldots, d])$
( $\vec{M}=\vec{M}_{\max},$ $\vec{m}=\prod_{i=1}^{d}\vec{X_{i}}^{p^{\alpha}-1-E_{t}}$
) 6 ;
9 $\deg\vec{F}\ll p^{n’-1}$ $\alpha$ $p^{\alpha}-1+\deg\vec{F}<2p^{\alpha}-p^{\alpha-1}-2\leq p^{n’-1}$
1$)$ $\deg wd(\vec{m_{0}}\cdot\vec{F})=(p-1)d\alpha.$
2$)$ cO $\in \mathbb{F}$ $j=1,$ $\ldots,$ $n$
$\deg[c_{0}\vec{m_{0}}\cdot\vec{F}]_{j}^{\downarrow}=(p-1)d\alpha$
$\vec{m_{1}}:=\prod_{i=1}^{d}\vec{X_{i^{f_{l}}}}(0\leq f_{i}\leq H)$ $\vec{M}=\prod_{i=1}^{d}\vec{X_{i}}^{e_{t}}\in Mon(F)$ $=$




10 $\deg\vec{F}\ll p^{n’-1}$ $\alpha$ $p^{\alpha}-1+\deg\vec{F}<2p^{\alpha}-p^{\alpha-1}-2\leq p^{n’-1}$
1$)$ $\deg(wd(\vec{m_{1}}\cdot\vec{m_{0}}\cdot\vec{F}))\leq(p-1)d\alpha.$
2$)$ $c\in \mathbb{F}_{p^{n}}^{\cross}$ $\deg([c\cdot\vec{m_{1}}\cdot\vec{m_{0}}\cdot\vec{F}]_{j}^{\downarrow})\leq(p-1)d\alpha(i=1, \ldots, n)$
$\vec{F_{0}}:=c_{0}\cdot\vec{m}_{0}\cdot\vec{F}$
$I\in[1, .., n]$ $\deg wd(w_{I}\vec{m_{1}})\geq 1$
$k(I)\in[1, \ldots, n]$ $\deg[w_{I}\vec{m_{1}}]_{k(I)}^{\downarrow}\geq 1$
3
$[ \vec{m_{1}}\vec{F_{0}}]_{k(I)}^{\downarrow}\equiv\sum_{i=1}^{n}[w_{i}\vec{m_{1}}]_{k(I)}^{\downarrow}[\vec{F_{0}}]_{i}^{\downarrow}mod S_{fe}$
9 10 $\deg[\vec{F_{0}}]_{i}^{\downarrow}=(p-1)d\alpha$ $1\leq$




$\{[\vec{F_{0}}]_{k}^{\downarrow}|k=1, \ldots, n\}\cup S_{fe}$
First fall degree $\leq(p-1)d\alpha+1$ 5
5 1
110
7 Semaev \S 7
Heuristics :
2First fall degree $E/\mathbb{F}_{p^{n}}(p$
) $O(exp(n^{2/3+o(1)}))$
9
$C$ : $f(x, y)=0$ $\mathbb{F}_{p^{n}}$ $g$ plane $\infty$
(fix ), $D_{0}=Q_{1}+Q_{2}+$ $+Q_{g}-g\infty$
Jac $(C/\mathbb{F}_{p^{n}})$ $D_{0}$ fix $D_{0}$
$(P-\infty$ $)$
$d_{y}:=\deg_{y}f(x, y)$ $\phi_{1}(x)$ $:= \prod_{i=1}^{g}x-x(Q_{i})$
10 Riemann-Roch
1 (Riemann-Roch) $D$ $\deg D\geq 2g-1$ ( )divisor
$dimL(D)=\deg D-g+1$
$d$ $d>2g-1$ $D:=d\infty-D_{0}=(d+g)\infty-Q_{1}-Q_{2}-\ldots-Q_{g}$
Riemann-Roch (Proposition 1) Riemann-Roch
$f_{i}(x, y)\in \mathbb{F}_{p^{n}}(C)(i=0,1, .., d-g)$ $f_{i}(x, y)$
$Q_{1},$
$..,$
$Q_{g}$ zero $\infty$ pole
$f_{i}(x, y)$ $ord_{\infty}f_{i}(x, y)<-d-g(i=1,2, .., d-g)$
ord$\infty f_{0}(x, y)=-d-g$ Riemann-Roch
$F_{p^{n}}(C)$ $h(x, y)$ $Q_{1},$
$..,$
$Q_{g}$ $h(x, y)=0$ $\infty$
pole $ord_{\infty}h(x, y)=-d-g$ $h(x, y)=$
$f_{0}(x, y)+a_{1}fi(x, y)+\ldots.+a_{d-g}f_{d_{\neg}g}(x, y)(a_{i}\in \mathbb{F}_{p^{n}})$ $|J$
$A_{i}$





4. $C_{i}$ $g(x)$ $X^{i}$ ($g(x)=\Sigma_{i=0}^{d}C_{i}x^{i}$ ).




12 $P_{i}=(x_{i}, y_{i})\in C(\overline{\mathbb{F}}_{p})(i=1,2, .., d)$ $s_{i}$ $\prod_{i=1}^{d}(x-x_{i})$
$x^{i}$ $D_{0}+P_{1}+\ldots+P_{d}-d\infty\sim 0$ $a_{i}\in\overline{\mathbb{F}}_{p}$
$(i=1,2, .., d-g)$ :
1. $h(x, y)=$ Constant $\cross H$ $(x, y)|_{A_{i}=a_{i}},$
2. $s_{i}\cdot C_{d}|_{A_{i}=a_{i}}=C_{i}|_{A_{i}=a_{l}}(i=0,1, .., d-1)$ .
$X_{i}(i=1, .., d)$ $S_{i}=S_{i}(X_{1}, .., X_{d})\in \mathbb{F}_{p^{n}}[X_{1}, .., X_{d}]$
$\prod_{i=1}^{d}(X-X_{i})$ $X^{i}$
$g_{i}(A_{1}, .., A_{d-g};X_{1}, .., X_{d}):=S_{i}(X_{1}, .., X_{d})C_{d}(A_{1},.., A_{d-g})-C_{i}(A_{1}, .., A_{d-g})$ , $(i=0, .., d-1)$
;
$EQS_{1}$ : $\{g_{i}(A_{1}, .., A_{d-g};X_{1}, .., X_{d})=0|i=0, .., d-1\}.$
13 $EQS_{1}$ $(a_{1}, ..a_{d-g};x_{1}, .., x_{d})\in \mathbb{A}^{2d-g}(\overline{\mathbb{F}}_{p})$ $P_{i}\in C(\overline{\mathbb{F}}_{p})$
$(i=1, .., d)$ $D_{0}+P_{1}+\ldots+P_{d}-d\infty\sim O$ $x(P_{i})=x_{i}(i=1, .., d)$
$h(x, y)=f_{0}(x, y)+ \sum_{i=1}^{d-g}a_{i}f_{i}(x, y)$ $P_{i}$ $C(\overline{\mathbb{F}}_{p})$ $h(x, y)=$
$0$ $Q_{1},$
$..,$
$Q_{g}$ $\{x($ $) |i=1, .., d\}=\{x_{1}, .., x_{d}\}$
( )
12,13 ;
2 (1) (2) ;
1$)$ $EQS_{1}$ $(a_{1}, .., a_{d-g};x_{1}, .., x_{d})\in \mathbb{A}^{2d-g}(\overline{\mathbb{F}}_{p})$





$h_{i}(A_{1}, .., A_{d-g};X_{1}, .., X_{d};T_{1}, .., T_{g});=g_{i}(A_{1}, .., A_{d-g};X_{1}, .., X_{d})$ , $(i=0,$ $..,$ $d-g-$
1 $)$ ,
$h_{d-g}(A_{1}, .., A_{d-g};X_{1}, .., X_{d};T_{1}, .., T_{g});= \sum_{i=1}^{g}T_{i}$ . $g_{i+d-g-1}(A_{1}, .., A_{d-g};X_{1}, .., X_{d})$ ,
;
$EQS_{2}:\{h_{i}(A_{1}, .., A_{d-g};X_{1}, .., X_{d};T_{1}, .., T_{g})=0|i=0, .., d-g\}.$
12





$D_{i}:=\deg_{\{X_{i}\}}h_{i}(\leq d_{y})(i=0, .., d-g)$ $D= \sum_{i=0}^{d-g}D_{i}-(d-g)\infty$
$D\leq(d-g)d_{y}$ $M_{al}$ $A_{1},$ $..,$ $A_{d-g}$
112
$\leq D$ $\# M_{al}$ $(\begin{array}{l}d-g+Dd-g\end{array})$
$\leq((d-g)(d_{y}-1)d-g)$ Stirling $N!\sim\sqrt{2\pi N}N^{N}exp(-N)$
$\# M_{alb}\leq\sqrt{\frac{d_{y}+1}{2\pi(d-g)d_{y}}}\{\frac{(d_{y}+1)^{d_{y}+1}}{d_{y}^{d_{y}}}\}^{d-g}$
$S_{0}:=\{m\in M_{all}|\deg_{\{X_{i}\}}m\leq D-D_{0}\},$
$S_{1}$ $:=\{m\in M_{all}|\deg_{\{X_{i}\}}m>D-D_{0}, X_{1}^{D_{1}}|m\},$
$S_{2}$ $:=\{m\in M_{all}|\deg_{\{X_{i}\}}m>D-D_{0}, X_{1}^{D_{1}}\parallel m, X_{2}^{D_{2}}|m\},$
$S_{d-g}:= \{m\in M_{all}|\deg_{\{X_{i}\}}m>D-D_{0}, X_{1}^{D_{1}}\int m, \cdots, X_{d-g-1}^{D_{d-g-1}}\int m, X_{d-g}^{D_{d-g}}|m\},$
$\# S_{d-g}=D_{0}D_{1}\ldots D_{d-g-1}$ $M_{a}n= \bigcup_{i=0}^{d-g}S_{i}$ ( $M_{a}$ disjoint ),
$\# M_{al}=\sum_{i=1}^{d-g}\# S_{i}$
$M_{al}=\{\vec{M}_{1}, \cdots, \vec{M}_{\neq M_{all}}\}$ $\bigcup_{i=0}^{d-g}\{h_{i}m|m\in S_{i}\}=\{G_{1}, \ldots, G_{\neq M_{all}}\}$
$G_{ij}\in \mathbb{F}_{p}[\{X_{i}\}\cup\{T_{i}\}]$ $G_{i}= \sum_{j=1}^{\neq M_{all}}G_{ij}\vec{M}_{j}$
:
${\rm Res}(X_{1}, .., X_{d;}T_{1}, .., T_{g})=$ deteminant of$(_{ }[G_{ij}]_{1\leq i,j\leq\# M_{all}})\in \mathbb{F}_{p}[\{X_{i}\}\cup\{T_{i}\}|.$
${\rm Res}$ 6
14 $(x_{1}, \ldots, x_{d})\in \mathbb{A}^{d}(\overline{\mathbb{F}}_{p})$ 1) 2) ( ) ;
1$)$ ${\rm Res}(x_{1}, .., x_{d};T_{1}, .., T_{g})=0$ ($T_{i}$ ).
2$)$ $(a_{1}, \ldots, a_{d-g})\in \mathbb{A}^{d-g}(\overline{\mathbb{F}}_{p})$ $(a_{1}, .., a_{d-g};x_{1}, .., x_{g})$ $EQS_{1}$
15 1) $\deg_{\{T_{i}\}}{\rm Res}(X_{1}, .., X_{d};T_{1}, .., T_{g})\leq d_{y}^{d-g}.$
2$)$ $\deg_{\{X_{i}\}}{\rm Res}(X_{1}, .., X_{d};T_{1}, .., T_{g})\leq d\cdot\# M_{all}\leq d\cdot\sqrt{\ovalbox{\tt\small REJECT} 2\pi(d-g)d_{y}d+1}\{\frac{(d_{y}+1)^{d_{y}+1}}{d_{y}^{d_{y}}}\}^{d-g}.$
$T_{i}$ $\# S_{d-g}=D_{0}D_{1}\ldots D_{d-g-1}\leq d_{y}^{d-g}$
$\{T_{i}\}$ 1
1) $\{X_{i}\}$ $\leq d$
$\# M_{al}$ 2) ( )
$\{m_{1}, \ldots, m_{N}\}$ $\{T_{1}, .., T_{g}\}$ ${\rm Res}(X_{1}, .., X_{d};T_{1}, .., T_{g})$
${\rm Res}(X_{1}, .., X_{d};T_{1}, .., T_{g})= \sum_{i=1}^{N}H_{i}(X_{1}, .., X_{d})$ .
$m_{i}$ 14 $\deg_{\{T_{i}\}}{\rm Res}\leq d_{y}^{d-g}$ , $N=(\deg_{\{T_{i}\}}{\rm Res}_{g}+g)\leq$
$\mapsto^{(d^{d-g}+g)^{g}g!}$ 14 $\deg_{\{X_{i}}{}_{\}}H_{i}(X_{1}, .., X_{d})\leq\sqrt{\ovalbox{\tt\small REJECT} 2\pi(d-g)d_{y}d+1}\{\frac{(d_{y}+1)^{d_{y}+1}}{d_{y}^{d_{y}}}\}^{d-}$
$(i=1, .., N)$
14 2 ;
3 $(x_{1}, \ldots, x_{d})\backslash \in \mathbb{A}^{d}(\overline{\mathbb{F}}_{p})$ 1) 2) ;
1$)$ $H_{i}(x_{1}, .., x_{d})=0(i=1, .., N)$ .




$H_{i}(x_{1}, .., x_{d})=0(i=1, .., N)$
[1] D. Cox, J.Little, D. $O$ ’Shea, Using Algebraic Geometry, Springer, 1997.
[2] C. Diem, On the discrete logarithm problem in class groups II, preprint, 2011.
[3] J-C. Faug\’ere, L. Perret, C. Petit, and G. Renault, Improving the complexity of
index calculus algorithms in elliptic curves over binary fields, EUROCRYPTO
2012, LNCS 7237, pp.27-44.
[4] F.S. Macaulay, The algebraic Theory of modular systems, 1916, Cambridge.
[5] K. Nagao, Index calculus for Jacobian of hyperelliptic curve of small genus
using two large primes, Japan Journal of Industrial and Applied Mathematics,
24, no.3, 2007.
[6] K. Nagao, Decomposition Attack for the Jacobian of a Hyperelliptic Curve over
an Extension Field, 9th International Symposium,ANTS-IX., Nancy, France,
July 2010, Proceedings LNCS 6197,Springer, pp.285-300, 2010.
[7] K. Nagao, Decomposition formula of the Jacobian group of plane curve, draft,
2013, https: $//$eprint.$iacr.org/2013/548$ .pdf.
[8] K. Nagao, Equations System coming from Weil descent and subex-
ponential attack for algebraic curve cryptosystem, draft, 2013,
https: $//$eprint. iacr.$org/2013/549$ .pdf.
[9] C. Petit and J-J. Quisquater. On Polynomial Systems Arising from a Weil
Descent, Asiacrypt 2012, Springer LNCS 7658, Springer, pp.451-466.
[10] I. Semaev. Summation polynomials and the discrete logarithm problem on
elliptic curves. Preprint, 2004.
$\kappa_{\backslash }^{7}x\grave{ }E\not\equiv\beta|_{\check{L}}\ovalbox{\tt\small REJECT}$
$\grave{}$ x$\acute{}\ovalbox{\tt\small REJECT}$ l $\breve{}\check{}$ $\ovalbox{\tt\small REJECT}${$+$x $\not\in$ $r\dot{\tau_{\backslash }}\grave{ }\overline{m}lJf\prime g_{1}\gamma\sim$ $\ovalbox{\tt\small REJECT}$ p5ﬄ $\ovalbox{\tt\small REJECT}$9$\breve{}\acute{}$ $|\ovalbox{\tt\small REJECT} ae^{1}$$ﬄ\delta^{\theta}A^{\backslash }\backslash \cong$ $H_{i}$
114
